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2. Recursive logit model (RL
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2. Recursive logit model (RL

up(alk) = vy(alk) + pey(a)
n k A(K)

vn(alk) = v(xn,a|k;,8) <0

en(a)
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up(alk) = vy(alk) + pey(a)

Ve(a)
. d
. d
Al =Aud
k v(dlk) =0
k eq(a), a € A(k)
vn(alk) + pey(a) + V3 (a)
Vil (a)
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2. Recursive logit model (RL

« V,%(k)

Kk
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up(alk) = vy(alk) + pey(a)
Ve (a)

Vi (k)

Bellman FTEZN
=F Lrer}qaé) (vn(alk) + V2 (a) + uen(a))‘ Vk € A

q A(k) Kk

(2)



2. Recursive logit model (RL

k a MNL
expC: (va(alk) + (@)

Za,eA(k) exp(% (vn(a’|k) + Vnd (ar)))

Pi(alk) = (3)

( #2 GEV )

(4)

1 d
Ve (k) = {M In ZaIEAS(aIk)eXp(E (vn(alk) + V! (a))) vk € A
0 k=d

5(alk) = {1 if a € A(k)

0 otherwise
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. Properties of the model

+ Bellman (k) = E | max (va(alk) + (@) + pen(@) |
n d Vi) = V()
@)
. e%V(k) _ ZaEA 6(a|k)eﬁ(vn(a|k)+vﬁi(a)) Vke A (5)
1 k=d
* M(|A]>|4])

M,, = 5(a|k)e%v"(a|k) _ {e:‘vﬂ(alk) if a € A(k) (6)

0 otherwise
e d M k=d 0
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. Properties of the model

* Bellman
1 v (alk)+vi(a
v oV ) Tea 5(alk)erln@ROE@) oy 5)
1 k=d
- M(|4]x|]) 1
1 —vnp(A k .
My, = 6(a|k)eﬁv"(a|k) ={e* ) if a € A(k) (6)
0 otherwise
- b(|A|x1) - z(|4]x1)
1
b, = 0 k+d Zk:eﬁV(k)
1 k=d

z=Mz+bo (I-Mz=b (7)
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3. Properties of the model

* Bellman

z=Mz+bes (U-M)z=>b| (7)

4 I—- M
1
;v(alk)

Mm m

(7)
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3. Properties of the model

(3) Bi(alk) =

exp(%(vn(a|k)+Vrﬁi(a)))

ZaleA(k) exp(i(vn(a'|k)+V,€l(al)))

k
MROZT
P, = 8
=@
0 M, M k
Loa(alk) .
Mkaz{eu”( ) ifa e Atk 7 = BV
0

otherwise
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3. Properties of the model

P(o) = | P(kiy1lk;)

- L{=0

1
4 €Xp (ﬁ (vkiprlky) + V(ki+1))>
- v (k)

- =0 Y aca(i) €XD (l (v(alk;) + V(CO))j L=
I-1 1
= 1_[ _ eXp( (v(kl+1|k ) + V(kl+1) V(k ))> V(d) =0

-1 1
— ( ;V(k0)> 1_L=o exp (ﬁ V(ki+1|ki)> 9)
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3. Properties of the model

*v(0) = XiZiv (kiqlky)

po) =exp v | [T exo (Gotkinlid) @

U i=0 H
exp %v(a)) exp (% v(a))
- 1 B 1 (10)
exp (l_l V(ko)) > oreq €XP (ﬁ v(a’))
Q ( )
49 0 MNL
A

— 01 O v(oy) —v(oy)
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3. Properties of the model

F(a) =G(a) + P(alk)F (k)

’ keA

MAIAATL %
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3. Properties of the model

F(a) =G(a) + P(alk)F (k)

’ keA

@ VEALIAA TL 2

F=G+P'Fe (I-PHF=G|(11)

« (I - P (Baillon and Cominetti (2008))

H
2020/6/11



3. Properties of the model

MNL McFadden (1978)
RL (7). (8)
Frejinger(2009)
* (D]o) o D

c€D>=>n(D|lo)>0
o D c¢&D=>nD|loc) =0

* McFadden(1978) .
exp (ﬁ v(o) + In n(DIa))

Y.orep XD (%v(a’) + Inm(D Ia’))
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3. Properties of the model

* McFadden(1978) 1
exp (ﬁ v(o) + Inm(D Ia))

Y srep €XD (%lv(a’) + Inm(D Ia’))

_ ) _
g (Z S P @0l In|—— (g2 elf) + In 1) >

1 / !/
geQ Do orep €XP (ﬁ v(d'|B) + Inn(Dlo ))

1 , '
zmenexva(a'lﬁ*)) aenzmeuexp(%v(a’lﬁ*))n(mcr') Laep exp (v(0'18) + Inn(Dlo")

McFadden(1978) EXep (o) Ingp(al|p)]

1 iips ' 1 .
i Z Zmenexp<ﬁv(0|ﬂ ))ﬂ(DIJ) Z exzo<ﬁv(6|/3 ))ﬂ(DIU) .
D<A

exp(l%v(crlﬂ)+ln1r(D|a)) ‘) a2
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Y ( )

exp(%v(cr)ﬂn (D |O'))
YoreD exp(%v(m)ﬂn n(D |0'

exp(%v(0'|,3)+ln n(D|0‘)) ])

r)) -FE <ZO’EQ ZDQQ P*(O')T[(D |O') In [ZGIED exp(%v(0'|ﬂ)+ln n(D|O"))

exp(—v(a)+ln n(D|0‘)
E |In
YoreD exp( v(oN+Inm D|O‘

ew(;v(0|B)+Inw(D|0)) ]

] ZO‘EQ ZDCQ P* (O')T[(D |0') In [Zg’IED exp(%v(O"LB)Hn 7_L_(D|O_l))

exp(%v(0'|ﬁ)+ln n(D|O‘)) ])
YoreD exp(%v(0’|,3)+ln n(D |0"))

Zorenex(20(0'|B") Ju(D]o") exp(29(018") (Dlo) exp(o(o|) in (Do)
- E| Xpea

Zo‘E 1 1 ! !
Yoreq exp(%v(d"ﬂ’j) P YoreD exp(%v(O"LB*))n(DloJ) " YgreD exp(ﬁv(O' |ﬂ)+ln n(D|O’ ))

E <ZaeQZDgQP*(U)T((D|U) ln[

exp(%v(0'|,3)+ln n(D|O’)) _y .3 exp(%v(0'|,8*))n(D|O')l [ exp(—v(0|,8)+1n rc(D|0‘)) ]
Ygren exP(;l;v(Oqﬁ)Hn ”(D|OJ)). oeasbsa Yoreq exp(%v(O"LB*)) Lorep exp(—v( |ﬁ)+1n ”(D|0 ))

Yoreq exp(%v(o"|,[)’*))n(D |a’) exp(%v(O'w*))Tr(D o) [ exp(iv(0|ﬁ)+ln n(D |0)) ]
n 1 1 A
Soreq exp(%v(O"w*)) S oreD exp(%v(O"LB*))n(Dla') Yorep exp(EV(O' |ﬁ)+ln T[(D|0 ))

(2,7,59exp(;v(0’|ﬁ*)>ﬂ:(D|o-’)> €D exp(%V(GLB*))TE(DW) 1[ exp(;v(0|B)+In n(D|0)) ]
’ )

Soreq exp(iv(d’m*)) YoreD exp(iv(0’|ﬁ*))n(D|o" ! Zgrep exp(‘llv(al|ﬁ)+ln n(D|G'))

YoeaXipcq P*(0)n(D|o) In [

= Yoeq Xpcq

= Ypca
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¥ ( )

Yoreq exp(%v(o-'
2pca

ﬁ*))”(Dlo',) exp<1_11v(0'|,3*)>7T(D|0') | [ exp(%v(0'|,3)+ln n(D|o-)) l
Yoreq exp(%v(a’w*)) o€eD .

o1eD exp(%v(d'l[ﬁ))n(D |o") ! Yorep exp(%v(O"LB)Hn ”(D|0J))

- E[Xgep ¢(a]B7) Ingp(a|p)]

5 <Zarenexp(%v(U’LB*))n(DloJ)) ) exp(%v(O'W*))n(DW) n[ exp(%v(0'|,3,)+lnn(D|0')),l

T\ Secacn((018) )T Swen (2087 Jr(D]o)  [Eoren x2Gr(oB)mr(D]o))
exp(20(018) Jn(Dlo) lnl exp(Lo(01B)+In n(D]0) l

Zorep ex(2(0'|8))a(D]o")  LZerep 2 r([B)inx(D]o")

= E[Zoep 9 (0lf*) Inp(a|B)]

=E ZO’ED

L e ——

McFadden(1978) E[Y ep ¢(alB™) Ingp(a|B)]

This may be recognized as the expectation of a term having the general form
E[¥,ep¢ (0]8*) In¢ (o|B)], which is exactly the case considered by McFad-

den (1978). Consistency of the estimates then follows.

McFadden

2020/6/11



. Link size attribute and illustrative example 29

oD
1-5
-1
{1,2,3,4,5}{1,2,3,5},{1,2,4,5}
-1
{1,5}
. 4
- MNL 1/4

{1.5]} , ,
1/2 Figure 2: Illustrative example
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. Link size attribute and illustrative example 23

. (c-logit ) (Cascetta et al.; 1996)
* PS (PSL ) (Ben-Akiva and Bierlaire; 1999)
‘ Ji J I, C, a Lq
PS;, = ba 1 (13)
" a€r; Ly Ziecn Oqi a
] 1 0
BpsInPSiy, InPS;, =0

N RL =Link Size(LS) D& A
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4. Link size attribute and illustrative example 24

¥ (LS)

F(a)
(11) (I - PT)F =G

LS4 = Fo4(B)  (14)

. LS°¢ oD (Ax 1) k k LS
- B p p

- Fod(f) (11) (I _ Pd('g)T) Fod(f) = 6°

- G° 1 0

e G°1=1 Fod
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4. Link size attribute and illustrative example

Y (LS)
. 1 O 5 D
* RL S d
* RL 21 o)
1 U
(U
[ l?l —_ ":1 E;
Figure 2: Illustrative example
« MNL 1/4
e RL Paths Logit RL | PSL RL with LS
1: 12, 23, 35 0.25 0.2495 | 0.20 0.19
* RL 1 2:12,23,34,45 | 025 02502 | 0.12  0.13
3: 12, 24, 45 0.25 0.2495 | 0.20 0.19
. B‘l 1/4 4: 15 0.25 0.2495 | 0.48 0.48
. BPS = 2.5, BLS = —0.75 Table 1: Path probabilities for illustrative example
« PSL PS RL LS
LS

y PLs
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4. Link size attribute and illustrative example

¢ .gfs
.3L5|
LS

2020/6/11

Figure 3:
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2
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1
LS
115 ]
LS : BLs

l

Probability of going left at node 1 as a function of ELS and E{’S
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5. Maximum likelihood estimation

(9)P(0) = exp (—ﬁwko)) 3 exp (ﬁv(ki+1|ki>)
BFGS

(MN(I—-M)z=b>b

n=1,..,N
N

1 ~—N In—1
w@=m| | Pe)=7) > " vlkilk) = Viko)

n=1

a'Bq “n=1 L i+1|i a'Bq
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5. Maximum likelihood estimation

JLL(B)
15
(15)
., V()
dBq
1
Zi = eﬁV(k)

(1) (9)

2020/6/11

=iy |y

av(kg})
l+1|l

(MU -M)z=

U -M)- [ z

3B, (16)

B, Bq

6z 1 av
— 70—
34 uop

ov(ky) l(ﬁ)
o8, =Hy %) (17)




6. Numerical results

Borlange
. 3,077 , 7,459 , 21,452 ( M O )

GPS

v(alk) = BrrTTy + BrrLlTqk + BrclCq + ByrUTg  (18)

« TT, a ( )
o LTqp k a 40~177 1, 0.
. 1/5
* 40 30 1/5
.« LC, 1.
« UT,yi k a 177° 1, 0.
U
* Bur -20
3.1

1/3 U
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6. Numerical results

[ ]
* 10 oD 500
. v(alk) = BrrTTy + BrrLTq ik + BrcLlCq + BurUTqk
[ )
* Brr = =2, = —1,Bc = —1,Byr = —20
. oD 39( 44 35)
J 9 ( 12.3 8.8 )
* 5000 35 (0.7%)
. 1 4 8 2 26 1
Sample | Brr Std. Err. | Bur Std. Err. | Bic  Std. Err.
. 1 2191 021 |-1.02  0.09 -1.07  0.06
2 2197 022 |-099 0.0 -1.04  0.06
. 5% 3 2180 021 |-1.09 009 | -1.07 0.6
4 238 026 |-0.88 0.0 -1.01 0.06
. 5 220 024 |-096  0.08 093 005
6 230 026 |-0.96  0.09 096  0.06
. 7 -1.69 018 |-1.00  0.08 -1.11 0.06
8 -1.84 020 |-1.04  0.08 -1.04 005
9 240 029 |-1.05  0.09 089  0.06
10 -1.88 020 |-0.99 0.08 [-0976  0.05
Average | -2.04 0.23 -1.00 0.09 -1.01 0.06
Std. Err. | 0.26 0.06 0.07
2020/6/11 ﬁUT is fixed to -20

Table 2: Simulation study results



6. Numerical results

. GPS
e 2 200 GPS
. 24
d 5 1832
* 466 37,000
RL RL with LS
. ( ) Brr -2.45 -3.20
Std. Err. | 0.06 0.06
* t-test -40.83 -52.59
* v(alk) = BrrTTa + BurLTa + BrclCo + BurUTape 3, -1.01 1.11
® U ﬁUT '20 Std. Err. 0.03 0.03
o t-test -33.67 -31.90
Brc -0.40 -0.32
Std. Err. | 0.01 0.01
. (14) LS t-test -40.00  -21.98
e LS BLs -0.23
Std. Err. 0.02
t-test -13.20
. 6 20 LL(B) 7481.5 7213.2

,BUT is fixed to -20
2020/6/11

Table 3: Real data results



8. Concluding remarks

RL
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8. Concluding remarks

* GPS

RL

2020/6/11



